Leakage permeance of a permanent magnet (PM) is an important factor for improving the accuracy of electromagnetic device calculations based on a magnetic equivalent circuit (MEC). For PM leakage permeance calculations, the traditional simulation method of finite element analysis (FEA) and the lumped parameter analytical method (LPAM) have been considered; it was found that FEA has the disadvantage of a long calculation time and LPAM has low accuracy. The magnetic field lines distribution analytical method (MFLD) is proposed in this paper in order to raise computational efficiency and keep accuracy within a certain range. The electromagnetic features of open circuit fan-shaped PMs are presented by MFLD and finite element analysis (FEA) is adopted to match the MFLD results. In order to verify the validity of the proposed method in a magnetic system, the working points of PMs in an electromagnetic actuator are calculated, and the numerical results compared with the experimental results.
Introduction
The characteristics of an electromagnetic system with permanent magnets (PMs) can be obtained by magnetic equivalent circuit equations (MECs). However, the error of its calculation result is large, because the PM's analytical model is simplified as magnetic potential and reluctance in the magnetic system. In practice, the PM's working points are different and leakage flux exists in the surface. The simplifications often mean that the electric appliance designer has to face low accuracy from the conventional MEC model and compensation or correction relies only on experiential theory and formulae generalized from practice. Therefore, in order to improve the accuracy of MEC calculations, the equations require leakage permeance of the PM. The distribution of magnetic field lines is the important characteristic of PMs and electromagnetic systems, which is closely related to leakage permeance. In general, the cylindrical electromagnetic valve and electrical machine have fan-shaped PMs. The characteristics of the magnetic field lines distribution can be clarified using a case study of an open circuit fanshaped PM. Using this as a basis, the characteristics of an electromagnetic system can be obtained by developing a high accuracy model. Often, the sketch of the electric field equipotential and magnetic field lines are parallel and interchanged regularly by two parallel infinite wires with opposite charges [1] .
Some researchers have done a lot of work on fast calculations for electromagnetic systems with PMs using mathematical models [2] [3] [4] [5] . In some cases, the calculations focus on the characterization of bar PM magnetic field lines distribution in the electromagnetic system, which simplifies the processes of the operations based on the calculation of leakage permeance, thus making it easier to understand [6] [7] [8] . The research on electromagnetic systems with fan-shaped PM is mainly focused on motor field based on FEA to acquisition of motor systemic characterization [9] [10] [11] [12] . However, there is not much academic research on magnetic field lines distribution and leakage permeance of open circuit fan-shaped PMs. Birch and Butler studied the effects of permeance of closed-slot bridges on induction-motor-current computation [13] . Bao analyzed the slot leakage reactance of a submersible motor [14] . Flux leakage was calculated by Li and Chau [15] , where the possible flux paths of a PM linear vernier machine were analyzed and identified with an ideal flux source, making it suitable only for bar PMs. FEA has become the first choice of method for electromagnetic calculations on account of its great applicability and accuracy [16] [17] [18] [19] [20] [21] [22] [23] ; however, FEA cannot obtain the exact results with a low computational cost. The lumped parameter analytical method (LPAM) of an electromagnetic system depends solely on simple empirical formulae and these calculations are very imprecise. Moreover, the conventional method is expected to work only in ideal circumstances, requiring an infinite line or a PM with enough width so that it will not affect the distribution; when space direction is perpendicular to the plane of the sketch for the magnetic field lines, the relationship between them becomes complicated and there is no systematic or comprehensive research in this field so far.
In this paper, the magnetic field lines distribution (MFLD) analytical method is presented for the calculation of leakage permeance of fan-shaped PMs to save computation time whilst guaranteeing accuracy. To provide accuracy of the calculation of leakage permeance, the PM is divided into several segments for calculation. The magnetic field lines of open circuit fan-shaped PMs are mapped based on the superposition principle of magnetic fields. Then, the positions of segmented PMs can be obtained based on the magnetic field lines distribution. The volumes and average lengths of flux tubes were required to obtain the leakage permeance of segmented PMs with the permeance formula. In the case of open circuit PMs, the accuracy and computation cost of the proposed method is verified by comparing the results obtained by FEA and LPAM. An electromagnetic actuator is employed to verify the validity of the proposed method in electromagnetic systems, and the measured results from the FEA and LPAM are compared with the MFLD result.
The Magnetic Field Lines

Characteristics of permanent magnets
Sintered rare-earth Nd-Fe-B was selected as the fanshaped PM material; it can be simulated and analyzed, showing the following properties: Br = 1.15T, Hc = 896 kA/m, and R 1 = 9 mm, R 2 = 18.5 mm; where R 1 and R 2 are the inner and outer radius, respectively. The fanshaped PM opening angle is 20° and it is magnetized in the radial direction, with the S pole for the inner radius. PM height is set as a variable. Figure 1(a) . shows a threedimensional illustration of the PM, and the fan-shaped surface in the front side, which is perpendicular to the flank side and the inner side is the S-pole.
Longitudinal PM magnetic field lines
In order to acquire reliable curves and leakage magnetic data, an air layer has to be built which is extremely thin but with enough length and height. Figure 1(b) shows a rectangle air layer cut in a PM of 8 mm height in longitudinal and across the geometric center.
The conventional 2D magnetic field lines in FEA software are not applicable to the fan surface of PMs, due to divergence of the magnetic field. As a consequence of this, the vector line is considered. The 3D vector lines are shown in Fig. 2 , from which the data and curves can be obtained. The magnetic field line is a non-overlapping arc line, where the vertical points of peaks on the PM surface are in the central position on the magnetic field line. Table 1 shows the different PM heights and distances between the central position of the innermost line and inner radius.
The center of the outermost magnetic field line should, theoretically, be located at the perpendicular bisector of the PM in free space at infinity. Actually, the effect of PMs on a limited scale would be negligible. For this reason, the linear distance h 1 between the point and PM surface is large enough that the magnetic field is weak enough to be ignored. Figure 3 shows the distribution of lines on the front side by the analytical method; where, h = R 2 − R 1 ; h is the geometrical length of the PM; d takes into account Table 1 , which is the central position of the innermost line subtracted by h/2; point O is the origin of coordinates; P 0 is the peak of the outer magnetic field line; P 1 is the peak of the outermost magnetic field line. Then, assume the peak of other magnetic field lines are on line P 0 P 1 . After the position of the magnetic field lines migrated, a full magnetic field line is a combinational curve of two arc lines. Line P 0 P 1 is the boundary of the two arcs, P 00 is the center of the outermost magnetic field line and P 11 is the center of the innermost magnetic field line; assuming the center of other magnetic field lines is on line P 00 P 11 , these two lines are parallel to each other. According the superposition principle of magnetic fields, if the PM is parallel to two current-carrying wires, the arc of the magnetic field line is as follows [24] (1) Two constants y 0 and d 0 would be required to produce the arc. y 0 is the distance from the center of the arc to the x-axis. d 0 is the distance from the center of the wire to the y-axis.
According to trigonometric functions, the P 00 coordinates on the plane are , and for P 11 .
According to the linear form formula, y = kx + b, the coordinates of P 00 and P 11 lines can be obtained by
For a typical bar PM, the y-axis is fixed in a perpendicular bisector [25] ; however, the position of the y-axis for every magnetic field line presents a gradient change for fan-shaped PMs. To address this problem, x 0 is introduced to represent the distance from wire to P 11 . x 0 can be changed with y in monotone decreasing and described mathematically by (3) According to (3), a linear relationship between x 0 and y can be given by (4) Substituting (4) into (2), x 0 can be simplified to (5) d 0 can be expressed as (6) Combining (2), (4), and (6), d 0 can be simplified to (7) There is only one variable x in (7).
Combining (1), (2) , and (7), the magnetic field line of the front side of the PM can be expressed as (8) Where x m is the point on line P 00 P 11 , which can be calculated as follows (9) Where n is the number of segmented, i = 1, 2, 3, ..., n.
Line P 0 P 1 can be expressed as (10) Formulae (8) and (10) can be used to obtain the point of intersection (x 01 , y 01 ) on line P 0 P 1 , and y 01 > 0. Substituting (9) into (10), allows y m to be obtained.
When y = 0 in (8), the point of intersection (x 02 , 0) on the surface of the front side can be obtained. x 02 must be close to the inner radius. (x 22 , 0) is set as the point of intersection close to the outer radius. (11) x 22 can be obtained by proportion transformation. (x 01 , y 01 ) and (x 22 , 0) are known, and the perpendicular bisector of the line between the two points can be obtained by (12) The center of arc (x n , y n ) between the points can be obtained from (2) and (12), the arc can be obtained by
According to (8) and (13), the whole arc can be mapped.
Horizontal PM magnetic field lines
A rectangle air layer cut across the 8 mm height PM. The 2D magnetic field lines on the layer are shown in Fig. 4 . The distribution of 3D vector lines has an effect similar to 2D magnetic field lines. Figure 5 shows the distribution of lines on the Flank side using the analytical method. Where the magnetic field lines come out from the inner radius, and do not come back to the PM surface but the outer radius end. There are some differences from Fig. 3: 1) The distance from the initial position of the magnetic field line to the inner radius is e.
2) The distance from the center position of the outer magnetic field line to the inner radius is c 2 .
3) The distance from P 1 to the inner radius is he.
4) The height of the outer magnetic field line is c 1 .
Line P 00 P 11 can be written a
The relationship between x 0 and y can be given by (15) Substituting (14) into (15), x 0 can be written as (16) Substituting (16) into (6), d 0 can be simplified to (17) x m can be expressed as (18) Line P 0 P 1 can be expressed as
The analytical method is the same as the longitudinal of PM magnetic field lines. Figure 6 (a) and Fig. 6(b) show that the magnetic field lines of the Front and Flank side are mapped by the analytical method in 5 segments.
Calculation of Leakage Permeance
Calculation method based on magnetic field lines
The calculation of segmented leakage permeance (related to the volume and length of flux tube) is based on magnetic field lines. The PM was divided into 5 segments; the segmented position with no PM height change, on account of d, has limited range and d 0 only relates to x, which determines its stationarity. The segmented volumes of the Front side can be obtained (20) Where a is the angle of the fan-shaped PM, and S m is the area of each flux tube.
The segmented volumes of the Flank side can be obtained by (21) Where h pm is the height of the PM.
According to (20) or (21), leakage permeance can be calculated by the permeance formula (22) Where l p is the average length of the magnetic flux tube, which can be obtained from (8) and (13) . A is the adjustment parameter, which is a variable that regulates the error change over PM height, angle, inner, and outer radius. For a conventional bar PM, when we change PMs by height, the width is an effective way to increase magnetic potential. Unfortunately, the effect of changing the PM angle is not obvious for fan-shaped PMs. In this paper, A is the only variable on PM to be height-related as change in PM height is more pronounced. It is obtained from [26] . (23) A can be obtained from the formula (23) , where x is the PM height, and a 1 = −0.07921, a 2 = 0.2211, and a 3 = 0.8577, when A is calculated for the Front side; but a 1 = −0.09392, a 2 = 0.01569, and a 3 = 0.9449, when A is calculated for the Flank side.
The leakage permeance of oblique incidence can be given by [27] .
Where r 1 and r 2 are the inner and outer radii, respectively.
The lumped parameter analytical method
The permeance of the Front side can be considered as the average values of the two bar PMs. It can be obtained by (25) Where l 1 is the arc length of the inner radius, and l 2 is the arc length of the outer radius.
The permeance of the Flank side can be obtained by [27] . (26) Where h pm is the height of the PM. The formula of leakage permeance of the Flank side can be obtained by (25) for the semi-cylinder flux tube of leakage permeance. The leakage permeance of oblique incidence can be obtained by (24) .
Analysis of leakage permeance data
The results from the MFLD and FEA predictions of segmented leakage permeance are shown in Fig. 7 . Figure  7 (a) shows the Flank side data comparison of leakage permeance, and the MFLD prediction is compared with the FEA prediction. As is shown, the effect of permeance increases with position and the predicted permeance by the MFLD with different PM heights almost completely matches the FEA results. Exceptions are the curves of the 16 mm and 4 mm PM heights. MFLD and FEA are not well-matched for these heights, as seen in Fig. 7(b) , because a PM height that is too long or too short will significantly reduce the measuring accuracy of magnetic field lines. Additionally, the ambiguous boundaries at 2/3 PM length refers to the PM height range which is supposed to obtain a good result; beyond this range, calculating accurate leakage permeance data is difficult. Not only that, the leakage permeance in Fig. 7(b) is much less than that in Fig. 7(a) , which suggests that leakage permeance mainly centralizes on the Flank side. Therefore, in order to simplify the calculating processes, the Front side leakage permeance can be ignored, and the leakage permeance of a PM can be obtained by (27) Where l t is the total arc length, and l t = l left + l right , where l left and l right represent the left and right arc lengths, respectively. S is the area enclosed by the arc and PM surface. It can be given according to a series of arc and triangle area formulas. Table 2 shows the total leakage permeance of the LPAM, FEA, and MFLD results. The FEA-MFLD error is under 10 %; however, the LPAM results have large errors, because the influence of the PM length or shape on the magnetic field line distribution was not considered (this is especially important when the PM shape is not a common bar). The Matlab running time for LPAM is 1 second, MFLD is 5 seconds, while the FEA software running time is 485 seconds (all using the same PC hardware).
The Electromagnetic Actuator
A system model is important for calculating and analyzing leakage permeance. In this paper, an electromagnetic actuator model is developed and the model is devoted to the electromagnetic valve actuator. As demonstrated in Fig. 8 , the actuator is composed of two sets of PMs, coils, armatures, covers and shells. The up actuator is A, and the low actuator is B, where the sleeve is a nonmagnetic material which contacts A and B. The overall physical parameters of the designed electromagnetic actuator are summarized in Table 3 . The 2D model of the actuator was established using FEA software. Figure 9 (a) shows the basic structure of the actuator and the 2D magnetic field lines distribution of the longitudinal section, where the rectangular boxes are PMs, the cone armature is the moving part with 2 mm strokes, the upward movement is positive movement, and the top position is set as the end of the stroke. 
formula (31)
Where h is the PM height. The force characteristics of electromagnetic actuator can be calculated in light of the distributed parameter model with PM leakage permeance. According to Fig. 9(a) , the distributed parameter model of magnetic equivalent circuits is established and shown in Fig. 11 , where U 1 , U 2 , U 3 , and U 1 represent the magnetic pressure of four PM segments; φ 1 , φ 2 , φ 3 , and φ 4 are the magnetic flux passing through PM segments; φ 5 is the magnetic flux passing through non-work air-gaps; R fe1 , R fe2 , R fe3 , and R fe4 are the magnetic resistance of the soft magnetic material segments; R gap is the work air-gap's magnetic resistance; Ra 1 , Ra 2 , Ra 3 , and Ra 4 represent the air leakage's magnetic resistance; φ 1 − φ 2 , φ 2 − φ 3 , φ 3 − φ 4 , and φ 4 − φ 5 are the magnetic flux passing through the air leakage's magnetic resistance; and IW is the ampere-turns provided by the coil. To obtain an accurate flux density distribution on the PM, the Newton iteration process was employed to update the material's permeability. According to flux density, the flux can be obtained by an equivalent magnetic circuit.
The force of the actuator can be calculated by the Maxwell electromagnetic force formulae.
(32)
Where φ up , φ down represent the flux passing through armature A and B, corresponding to φ 5 in Fig. 11 ; S A is the polar area of the work air-gap; θ is the cone angle of the armature; and P represents force. Figure 12 shows the latching and output force of the actuator under 0AT, 1800AT, and −1800AT. The results from Fig. 10(b) show a qualitatively good agreement, because the leakage permeance has limited effect on the latching force of the actuator under 0AT when the PM is in this magnetic system. From Fig. 11(a) and (c), it can be observed that there is a difference between LPAM and others results when the coils are in an energized state, which occurs when 1) The fan-shaped PM analytical model by LPAM is simply considered as a magnetic resistance and potential, which cannot fully embody the characteristic of the PM in a simplified equivalent magnetic circuit;
2) The fan-shaped PM is considered as the superposition of several magnetic potentials and permeances by MFLD, and the improved equivalent magnetic circuit based on this PM model have contributed to improving the accuracy.
The measuring system for the actuator and the prototype are shown in Fig. 13 . MFLD has a good performance on the actuator.
Conclusion
This paper has presented an analytical method for magnetic field lines distribution of open-circuit fan-shaped PMs and calculated the leakage permeance using the magnetic field lines distribution. The proposed method involves mapping the magnetic field lines by arc formulae based on the superposition principle of the magnetic field, which presents gradient changes for fan-shaped PMs with different heights. The positions of segmented PMs can then be obtained using the magnetic field lines distribution. Comparing the FEA and LPAM results with the results of the proposed method illustrate the MFLD's accuracy. Furthermore, the proposed method has the advantage of a low computational time. As an example of the practical use of MFLD, an electromagnetic actuator model based on magnetic field line distribution has been built to obtain the latching and output force under different levels of excitation. The MFLD can be validated by comparing the simulated, measured, and calculated results.
